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We study a two-level atom interacting with an electromagnetic wave of circle polariza-
tion, and work out the wave functions, the energy values and momentum values of the
atom.

KEY WORDS: two-level atom; electromagnetic wave of circle polarization.
PACS: 32.80.-t, 03.65.Ge

1. INTRODUCTION

In recent years, the subject of atomic motion in an electromagnetic wave
has attracted much attention because of its important application (Kalin et al.,
2003; Arimondo et al., 1981; Cirac et al., 1994; Cook, 1979; Cook et al., 1985;
Cook and Bernhardt, 1978; Dalibard and Tannoudji, 1989; Doery et al., 1995;
Marte et al., 1994; Mittleman et al., 1977; Stenhdm, 1986; Wineland and Itano,
1979; Yariv, 1989). We have studied a two-level atom interacting with a very
weak standing electromagnetic wave (Kalin et al., 2003). In this paper, we study
the motion of a two-level atom in an electromagnetic wave of circle polarization,
and work out the wave functions, the energy values and momentum values of
the atom. The intensity of the electromagnetic wave of circle polarization can be
arbitrary.
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2. SCHRODINGER’S EQUATION OF A TWO-LEVEL ATOM IN AN
ELECTROMAGNETIC WAVE OF CIRCLE POLARIZATION

We consider a two-level atom of mass m, dipole moment 5, which starts out
moving in the z-direction with momentum py, then is irradiated by an electromag-
netic wave of circle polarization with a wave vector k and an angular frequency
. The electromagnetic wave of circle polarization propagates along the positive
z-direction. According to the theory of electromagnetic wave and electromagnetic
field, the electronic field E of the electromagnetic wave of circle polarization is
assumed to be the form.

E=EJi+E,j (0
E, = Acos(wpt — kz) 2
E, = Asin(w,t — kz) 3)

where A is the amplitude of E.
The Hamiltonian of a two-level atom interacting with an electromagnetic
wave of circle polarization is given by

el + L hwos + v )
=—+ - hwo
om 2

V=-DeE 5)

where % is the kinetic energy associated with the center-of-mass momentum

along the z-direction, % fi wos is the Hamiltonian associated with the internal
motion of the atom, and V is dipole interacting energy between the atom and the
electromagnetic wave of circle polarization.

We denote the ground state vector and excited vector of the two-level atom
by |2) and |1). According to the feature of the dipole transition (Yariv, 1989), the
action of V on these state vectors are

V1) =v22) and V[2) =via|l) (6)

where v, = (1| V |2) and vy; = (2| V |1) are the nonzero matrix elements of V.
Setting D* = D, £iDy and E* = E, +iE,, V may be written as

V= —%(Dﬂr + D E") 7

Using
D1_2=<1|D7|2>=D;_1=(2|D+|1)=0 8)
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we have
Dy =Dy = (1| D" |2) =2(1| D |2) =2D
where
D = (1] Dy [2)
then we have
vy = —DE~ = —D(E, —iE,)

vy = —DE" = —D(E, +iE,)

using Egs. (2, 3, 11 and 12), we have

v = — h Qe @R and vy = — h Qe @ik

©)

(10)

(1)

(12)

13)

where hQ2 = DA,Qis called induced rat, which describes the interaction intensity.
In order to study the motion of the system, we solve the Schrodinger equation

for an arbitrary state |p).
Expanding the state |¢) in terms of |2) and |1), we have

lp) = @1(z, 1) 1) + ¢a(z, 1) 12)
Using Eqgs. (4,7, 13 and 15), Eq. (14) is reduced to

p2

d 1 )
ih = Y _h — O —i(wpt—kz)
l dt(pl <2m+2 w)fﬂl e ©2

d p? o1 .
ih— (£ __p — O —i(wpt—kz)
o <2m 2 w) # ¢ ¢

3. SOLUTION OF THE SCHRODINGER EQUATION
Eliminating ¢; from Eqs. (16) and (17)

s 5 deo
i<}

2 ) 2
— (£ -tho)e gind - (5 -1mo)e
thi(thsz) ih E thi(thsz)

ihde

2m 2 h QeiloLt—kz)

21
2 (5 tho)e |
_ <p_ + - ha)> ih ! _ hwe—t(w,‘t—kz)

(14)

15)

(16)

a7



Two-level Atom in an Electromagnetic Wave of Circle Polarization 2099

d*¢> P do, do, pr o1
17 —ih( = — —hw iPw,—— —hop | =—— — = 1
ar M\ o M) g Tiery, \om ~2"¢) %
2 2 2
. )4 1 do P 1 p 1 242
—in( 2t chw) 22 (24 e LA — n2Q
l<2m+2 )dt <2m+2 )X(Zm A s

P’ 1
X| hop—— —z-hw e+ h292¢2:0
2m 2
from which we obtain the equation for ¢,

d? 1(p? d
o2 1 (p th>ﬂ
dt

1 pro1 1 p?
—|(=-=n hop — = ho — =— 722 ¢, =0(18
+h2[<2m 2“’)(” PR 2 =0(18)
We expand ¢, as

00
i(P nhk)z/ h
2 = Z Cn(t)el( otn i 0z
n=0

19)

where py is the initial center-of-mass momentum of the two-level atom. Substi-
tuting Eq. (19) into (18), we have

" 1 [(po+nhk)? , 1 ([(po+nhk)? 1
C/n(l) + l;l I:T - h(x)Li| Cn(l)+ ﬁ H:T — 5 ha)]

2
x[th—%hw—(po-zﬂ}—i— thz}C,,(t)zo (20)
m

For convenience, we rewrite Eq. (20) as

Cl(t) +ia;(n)C,(t) + ax(n)Cy(t) = 0

2n
where

1 hk)?
ai(n) = % [% - ha)L]

1 hk)? 1
ax(n) = ﬁ{[%_ 5hwi|

2
x[th—%hw—(pozﬂ]wL hZQZ} (22)
m
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Equation (21) can be written as

Co (1) + a1 (0)Co(t) + a2(0)Co(t) = 0 (23)
C{(®) +iar(DCi(t) + ax(1)Ci(t) = 0 24
Cy(t) +ia1(2)C5(t) + a2(2)Ca(t) = 0 (25)
CI(1) +ia1(2)C5(t) + a2(2)C3(t) = 0 (26)

Solving Eq. (23), we can obtain
Co(t) = Ape™" + Bye™! (27)

where

A =—%E;, Azz—%Eg (28)

A2+ ia;(0)A + a»(0) = 0

o Tl £ VIiaO)F — 4ax0)
1,2 —

1 [ p> ? 1 (p* 2p?
a0 = —— (% - th> =-> (%-{- R — %m)

1 4 2 2 2 2 4
A= —— <p—g+h2a)i—ﬁth+ﬂth - p—g —ww; + Po* +4 h2§22>
m m m m

. 2
=5 [(2 - )+ i ooy

Now we can obtain

E) = 2 _ Lo + a2+ (@ —awr? (29)
2m 2 2

E; = 2 1th _ e (0 — w)? (30)
2m 2 2
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And the solution of Eq. (24) is

Cl(l) — Ale_iE;t/h‘f‘ Ble—iEgt/ﬁ (31)
mk)? 1 h

P L N WL FToc sy (32)
2m 2 2

kY 1 h
gre Lot L, VAL (@ =) (33)

2m 2
And the solution of Eq. (25) is

Co(t) = Are B3/ 4 By iEst/M (34)

2hk)* 1 h
E; = (po £ M) Eha)L + SV 4Q% + (0 — wp)? (35)

2m

k)1 h
Es = Lot ShoL = 542 + (@ — P (36)

2m

where Ao, By, A1, By, Ay and B, are determined by the initial conditions.
In terms of Egs. (29, 30, 32, 33, 35 and 36), it is obtained easily that ground
state energy level

2
Py 1

E,=——-lhw 37

T 2 &7

of the two-level atom is split into E}, E3, E5, E3, E3, ES, ... E1 and E3 are the

ground state energy levels of the two-level atom that its center-of-mass momentum
is po. E;’ and EJ are the ground state energy levels of the two-level atom that its
center-of-mass momentum is (pg + k). ES and Eg are the ground state energy
levels of the two-level atom that its center-of-mass momentum is (pgo + 2#k),
and so on. When the two-level atom interacts with an electromagnetic wave
of circle polarization, its center-of-mass momentum is quantization, the only
possible energy levels of its center-of-mass momentum are (po + jhk), where
Jj =1,2,3,.... This result can explain Bragg scattering phenomenon. It will be
applied in quantum computation.
Eliminating ¢, from Eqs. (16) and (17), we obtain the equation for ¢,

d*p, 1 (p? de
2 o g, ) 2
r? +lh<m+ L) di

L2 1)) (<o + Mo = 22) 2020 =0 38
T [\om T2 (et oo ) I e =068
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We expand ¢; as

o0
o1 =) bu()e! PoHTOL (39)
n=0
Substituting Eq. (51) into (50), we have
b (t) 4 iB1(m)b, (1) + Ba(n)b,(t) = 0 (40)
where
1 + nhk)?
Bi(n) = [M + th}
h m

2 2
Brn) = — {[M th] X[_mﬁlhw_w}ﬁzgz
2m 2 2 2m
(41

Solving Eq. (21) by using the same approach as before, we can obtain the
solution of Eq. (40)

bo(t) = Az)efiEl‘t/h_‘_ B(’)e*iElz’/h (42)
El — Po + ha) + 402 + (0 — wy )? 43)
1 2 L
N p(% 1 h
El = % + Eth — 5 492 + (CU - wL)Z (44)
And
bi(t) = Aje ™ EIT 4 e EN (43)
+ hk
E} = % + oL + 402 + (0 — w2 (46)
+ hk)? h
El = % + 2th -3 4% 4+ (0 — w)? 4N
And
by(t) = Aye I ET/M 4 Bl iEN/M (48)
+ 27k)? h
ES = % _th + V22 F @+ L) (49)

27k)? h
E} = M —th 3V 497 + (0 + wp)? (50)

2m
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The constants A, B, A}, B{, A,, B;, ... are determined by the initial
conditions.

4. DISCUSSION

We can draw the energy levels figure by the value of E}, E2, E3, E3, E3, ES,
...and E|, E?, E}, E}, E}, ES ...

The above figure denotes that the ground state energy level E, and the excited
state energy level E; of the two-level atom are split into E I,Eg and E ll,E f due
to the coupling between the dipole of the atom and the electromagnetic wave of
circle polarization. The center-of-mass momentum is changed quantitatively due
to the collision between the photon and the atom,the energy levels are split further
into E}, E3, E3, E3, E5, ES,...and E|, E3, E}, E}, E}, E¢ .. .. The intensity of
the electromagnetic wave of circle polarization is arbitrary.
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